The possibilities and limitations of high order hyperelements in plate bending analysis are discussed. Explicit shape functions for some types of triangular elements are given. These elements are applied to simple cases to assess their computational efficiency.
Until recently, structural calculation of plates with arbitrary geometry and edge conditions proved complex , often providing no solution unless significant and drastic sirnplifications were made. The available methods -analytical, semi-analytical (series expansions) or numerical (finite differences) -either failed to solve the problem or required a large amo unt of work for their use.
With the appearance of the finite element method 1 (FEM) the situation has changed significanUy to the point where there is now the possibility of a unified solutio n, within the general theory of structures, of the calculation of plates with a minimum of approximations. Nevertheless, the displacement version of the FEM was found to create greater difficulties in its application to problems of class C 1 ' of which the bending of thin plates is an example , compared with problems of class C 0 , i.e. problems concerning cases of elasticity (torsion and plane stress for example )_2 The reader is referred to Zienkiewicz's book 3 for details. The reason for these difficulties is to be fo und in the fact that FEM represen ts a particular case of the Rayleigh-Ritz procedure for the direct minimization of functionals, with coordinate functions made up normally of polynomial functions defined at a compact support. 4 It is well known that the demands of continuity on these functions are increased by degree k for class Ck of the functional problem. The types of elements which satisfy these continuity conditions are referred to in the literature as conforming or compatible elements. It has been shown, 5 • 6 that it is sometimes possible to obtain highly efficiently converging results (with respect to the energy norm) with non-conforming elements. This convergence which in such cases may not be monotonic, may depend on the mesh configuration of fmite elements, i.e. in some examples there may not be convergence. Irons 7 thus proposed his wellknown patch test, that works for all 'non-pathological ' situations. 8 Of the numerous bending fmite elements developed to date, the compatible elements, for which important aspects of convergence like monotony and mesh independence are assured, are in some cases of practical and theoretical interest. However, the task of constructing conforming bending elements is no t an easy one. In fact, it is not possible 9 to achieve conformity in simple elements through polynomial expansions with a unique expression in their in terior. Recent reviews on these elements are references 10 , 11 and 12. At present, there are several techniques for obtaining conforming bending elements -using only first derivatives as basic degrees-of-freedom (simple elements) -am ong those worthy of note are : 10 • Division of the element into areas or subelements in each of which a different polynomial function is defined. 13 • Introduction of rational correcting functions.
5
• Reduction of the order k = 1 of the problem Ck through relaxing the Kirchhoff hypothesis to k = 0. This implies consideration of shear strain and the use of reduced selective integration, or of Kirchhoff's direct hypothesis, for example.
• Consideration of hyperelements, i.e . those elements which have a variable number of degrees-of-freedom at each node including higher order derivatives of the basic plate variables. 16 • 17 The last of these procedures for constructing conforming finite elements was one of the first to be applied and is fairly simple to use. In essence it involves the introduction of a greater number of basic unknowns for each node than the number strictly required. Tn this case the strict basic unknowns correspond to the function and its first derivatives. The aim of this article is to present the explicit shape functions for some triangular elements and to discuss a number of practical suggestions concerning the use of a hierarchized family of this type of element. The discussion is restricted to triangular element forms which are simple and versatile enough to be used in the most general cases of plate bending.
Triangular hyperelements
The first two techniques referred to above (using piecewise polynomials or rational correcting functions) for obtaining elements which guarantee continuity of deflection (w) and of the derivative perpendicular to the sides between elements (awjan)(elements of class C the following results are given referring to the expression of the deflection (w) in the element :
The number of basic unknowns or parameters available is equal to the number of coefficients of the complete polynomial of degree N with two independent variables, i.e.:
If the element is conforming, along each side of the triangular element there should be continuity of deflection (w) and of its derivative perpendicular to the side (awjan) In such a case the polynomial expression of (w) along the side is of degree Nand will be determined by N + I coeffi· cients. Analogously, (awjan) constitutes a polynomial of degree N -I , which requires N coefficients for it to be specified completely. These specifications imply that a unique and identical expression of the variation of (w) o r (awjan) will be given by equalizing the basic unknowns at the deflection: initially the three degrees-of-freedom (w. awjat' a?.wjat 2 ) , deflection , slope and curvature, are known , orientated towards the side common to neighbouring triangles existing at each vertex of the side. Consequently, the number of additional parameters necessary for each side is N-5. With respect to the derivative of the deflection normal to the side as in the latter case , at each vertex the known degrees-of-freedom are : (aw; an, ajar (awjan)), i.e. the perpendicular slope and the derivative of the slope with respect to the directio n of the side. As it is a polynomial of degree N -I, the number of additional parameters required for each side is N -4. Consequently the number of parameters or degrees-of-freedom required for the construction of conforma1 hyperelements, bearing in mind the 18 existing at the vertices, 9 is:
In Table 1 a summary of these results is shown. 1t will be noted that it is not possible to construct these hyperelements with polynomials of degree less than 5, since a minimum of 18 parameters (six degrees-of-freedom for each vertex) is necessary and the complete polynomial of fourth degree only provides 15 coefficients. Similarly, it can be shown that the simplest hyperelement (Figure l(a}) corresponds to the variation of the deflection as a complete quintic polynomial, as used by Bell.
16 An explicit expression of the shape functions for this element is given in Appendix 1. For the remaining elements of order higher than five, it is necessary to introduce interior degrees-of-freedom since more parameters are available than are required. In Figures 2, 3 and 4 , some of the possible hyperelements corresponding to variations of the deflec tion for polynomials of degree 6, 7, 8 and 9, respec tively are shown. 
Analysis of a family of hyperelements
where lis a vector, the components of which are the S potential terms of the complete polynomial degree N expressed in triangular coordinates.
From equation (2) The biggest problem that arises in obtaining the shape functions ( 4) concerns inversion of the matrix C. This can be carried out numerically fairly easily for a triangle of specific dimensions, but for a general triangle the inversion has to be carried out algebraically ; this represents a formidable task.
Once the shape functions have been calculated, deter· mination of the stiffness matrix of the element , and of the equivalent loads at the nodes, is completely automatic and can be carried out with a computer. This calculation may nevertheless take some time if the integrals are to be evaluated exactly. For this reason use of a Gauss numerical integration can reduce the required computer lime.
As an example the above study has been applied to the member of the family of hyperelements of septic order polynomial shape functions defined in Figure 3 Similarly, the hyperelement shown in Figure 3 (g) has been studied. The shape functions of this element are given in Appendix 3. Spectral analysis of its stiffness matrix is shown in Figure 8 for the same triangular element as for the previous example.
Derived families of hyperelements
As is known, the interior degrees-of-freedom can be elimi· nated before assembling the stiffness matrix of the element, using the static condensation technique. As a resu lt a hyperelement is obtained with degrees-of-freedom only on its boundary.
There is another way of eliminating the degrees-of· freedom located along the side of the element. The method involves reducing the order of the expansion curve of the deflections or its derivatives along the common side between two elements. This reduction of the degrees-of-freedom is achieved by imposing conditions between the different degrees-of-freedom so that some subordinate degrees-offreedom can be expressed as a function of other principal degrees-of-freedom. These conditions can later be used to obtain new shape functions corresponding to the master degrees-of-freedom.
For example , the quintic hyperelement shown in Figure 7 Eigenvalues and eigenvectors of element of Figure 3a A-~ .6--« freedom at the middle points of the sides can be expressed as a linear combination of the remaining degrees-of-freedom . Thus the following equations can be written:
with :
aw at node i and analogously with (w,)s and (w,) 6 . Similarly, the 7th order hyperelement which has already been discussed and is shown in Figure J(a) , can be reduced to the situation shown in Figure 9 . It is only necessary to impose the condition that the perpendicular slope be reduced from a curve of 6th degree to a curve of 4th degree. This reduction implies for the degrees-of-freedom of nodes 7 and 8 , the following conditions: and analogously for nodes 5 and 6 . These equations can be obtained by imposing a quintic variation for the normal derivative of the deflection along the sides. The stiffness matrices of the derived hyperelements, obtained as a result of this reduction, can be solved from the new shape functions following the standard procedure. tn these cases the assumed expansion for the deflection no longer constitutes a complete polynomial of order N (5 and 7 in the examples), since among its coefficients there is a set of linear relations. Consequently although the element continues to be conforming, its convergence order diminishes from N to the maximum order of the complete polynomial contained in the expansion of the deflection. 
Numerical results
Although a systematic study of the whole family of hyperelements has not been carried out, the numerical behaviour of the two 7th order members of the family described above has been studied in detail. Both elements have been applied to numerous cases in order to assess their behaviour in relation to a number of variables: numerical and exact integration (number of integration points), influence of boundary conditions, relation between sides and skewness of the elements, and types ofloads.
Extensive numerical experiments have been carried out and they show that these hyperelements yield accurate results in the calculatio n of plates, even if a very small number of elements is used.
As an example of the application of the element shown in Figure 3( Figure 11 are considered. In Table 2 the results obtained may be compared with the exact results given by Timoshenko.
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The above results have been obtained with the stiffness matrix evaluated by means of exact integration . rf numerical integration is used , the number of Gauss points required may be very large and in some cases no important reductions in computer time are obtained.
Finally, to assess not o nly the speed of conve rgence of the element, but also its possible computational efficiency, a comparative error analysis i s shown in Figures 12 and 13. lt is obtained as a function of the number of degrees-offreedom used in the analysis with respec t to other finite elements. However, in this comparison, the number of degrees-of-freedom does not represent the total computational effort, because in these high order hyperelements. generation of the stiffness matrix demands considerable computer time even if the explicit sh ape func tions are given as in this case. 
L---------• L---------l
Mesh 1 x 1 Mesh 2 x 2 The results compared concern displacements and bending moments. The values of shear force are not normally given in the literature since the error is usually high, therefo re in Figure 14 only the perce ntage error and the maximum deviations of the shear forces and the valu es of the reactions as computed in adjacent triangles are shown.
The behaviour of these hyperelements has also been tested for more numerically sensitive boundary conditions th an the previous o nes : namely, the square plate supported o nly at its corners. The results obtained in this situation for two loading cases -centre point load P and uniform load q -are give n in Tables 3 and 4 .
To check the performance of these elements with irregu· Jar geometry, an ana lysis has been performed of skew plates under uniform loading with two opposite edges simply supported and the ot11er two free. In Table 5 results are given for different angles of skewness (the finite element mesh correspo nd s t o eight elements, i.e. 2 x 2 in each qu arte r of t he plate).
Application of the families of hyperelements
In finite element method calculations there are two ways of achieving co nvergence: (a) greater refinement of the mesh (h-convergence); (b) increase in the o rder of tlle interpolatio n polynomial in the element (hK-convergence). T his second possibility has not yet been totally exploited in practice and it may prove to offer a number of compu· tatio nal ad vantages.
In fac t, by maintaining an initial configuratio n of the mesh in finite elements it is possible to use interpolation polynomials of successively increasing orders in part of or in t11e whole structure. In this way if the eleme nts are conforming as the famil ies discussed here , the results obtained are monotonically convergent. Therefore the possibility of some kind of extrapolation 20 can be used .
However, in comparison with refinements in the mesh which imply considerable jumps in the n umber of degreesof-freedom, the use of hierarchized families has the advantage that the degrees-of-freedom are increased more smoothly.
In a comparative study with other elements. it has been shown above that the increase in the order of the inter· polation polynomial can be computationally more efficient than the u sual refinement of the mesh of simple elements. This holds particularly where the hyperelement is repeated throughout the plate, because the effort involved in obtaining its stiffness matrix is drastically reduced . Obvio usly in cases of structures with irregular boundaries, it is necessary to describe its geometric characteristics using a large number of elements. In this respect the set of simple elements located ne ar the boundary with few different hyperelements in the central area of the struc ture would seem to co nstitu te an ideal situation. Ob viously the library of hierarchized hyperelements in this case should include transitional elements. that can be obtained direct ly o r from the normal elements, by reduction of the polynomial order. along some sides of the triangular hyperelements.
There are cases where it is necessary t o know results which imply an increased order of deTivation of the displacements -as for example the shear forces -which necessarily demands the use of hyperelements of higher o rder.
A disadvantage in the use of hyperelements is to be found in the in creased degree of continuity which the solution demands; in some cases in contradiction with the actual structural behaviour, particularly in stru ctures with sharp jumps in elastic or thickness characteristics. There are a number of techniques fo r avoiding these inconveniences. 21 Finally, it should be no ted that the way in which the boundary conditions are introduced (essential and natural degrees-of-freedom) affects the accu racy of the results. In this respect it is convenient to have prac tical experience with this type of family o f hyperelemen ts. In Table 6 , a simply supported square plate under u niform lo ading is an alyse d using a 2 x 2 finite elemen t mesh. The influence of the method of introduc tion o f the boundary co nditions, particularly these o btained from high o rder de rivation such as the shear fo rces are shown in Table 6 .
Conclusions
In practical plate bending analysis, simple and efficient finite elements are available?
2 However, increasing the order of the shape function poly nomials should be co nsidered against the normal process of subdividing the mesh in which element shape is maintained. In this way families of hyperelements can be kept in a library of elements of a general programme of finite elements. Some of the more easily ob tained hyperelements arranged in a possible hierarchized family are shown here. Extensive numerical experimentation has confirmed the accuracy and computational efficiency obtained. In particular, the results demanding a high degree of derivation with their inherent numerical noise should use this type of hyperelement if a certain degree of precision is required.
Those areas of the structure with regular geometry, or repeated areas, may be modelled with a unique element, which will allow an additional reduction in the calculation time since only the stiffness matrix of this unique element is required. However, to capture the geometrical irregularities of the structure, the use of sin1pler elements is essential. It is still possible in this case though to combine them with the hyperelements in a single mesh by means of transition elements.
In principle, the above ideas are applicable to all types of superelement -elements with interpolation function of the deflection complete polynomials of a high orderand not necessarily just h_yperelements.
Appendix 1

Shape functions of quintic element with 2 1 degrees-of freedom
See Figure l (a) . Shape function corre sponding to
Shape function corresponding to U 2 ;::;: ( w x) 1 :
Shape function corresponding to U 3 = (wy) 1 :
Shape function correspo nding to U4 = (w xx) 1 :
Shape function corresponding to U 5 = (wyy) 1 :
Shape function corresponding to u6 = (w XY)I :
Shape function corresponding to Uzo = (wn)4 : 
Shape function corresponding to U2 = (w x), :
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